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1. Introduction
In the papers 1–3, the measure of noncompactness essential norm of maximal functions,
singular integrals, and identity operators acting in weighted Lebesgue spaces defined on
R
n with diﬀerent weights was estimated from below. In this paper, we investigate the same
problem for maximal functions and potentials defined on homogeneous groups. Analogous
estimates for the partial sums of Fourier series are also derived. For truncated potentials, we
have two-sided estimates of the essential norm.
A result analogous to that of 2 has been obtained in 4, 5 for the Hardy-Littlewood
maximal operator with more general diﬀerentiation basis on symmetric spaces. The essential
norm for Hardy-type transforms and one-sided potentials in weighted Lebesgue spaces has
been estimated in 6–9 see also 10. For two-sided estimates of the essential norm for the
Cauchy integrals see 11–14. The same problem in the one-weighted setting has been studied
in 15, 16.
The one-weight problem for the Hardy-Littlewood maximal functions was solved
by Muckenhoupt 17 for maximal functions defined on the spaces of homogeneous type
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see, e.g., 18 and for fractional maximal functions and Riesz potentials by Muckenhoupt
and Wheeden 19. Two-weight criteria for the Hardy-Littlewood maximal functions have
been obtained in 20. Necessary and suﬃcient conditions guaranteeing the boundedness of
the Riesz potentials from one weighted Lebesgue space into another one were derived by
Sawyer 21, 22 and Gabidzashvili and Kokilashvili 23 see also 24. However, conditions
derived in 23 aremore transparent than those of 21. For the solution of the two-weight
problem for operators with positive kernels on spaces of homogeneous type see 25 see
also 10, 26 for related topics.
Earlier, the trace inequality for the Riesz potentials boundedness of Riesz potentials
from Lp to Lqv was established in 27, 28. The two-weight criteria for fractional maximal
functions were obtained in 22, 29, 30 see also 25 for more general case.
Necessary and suﬃcient conditions guaranteeing the compactness of the Riesz
potentials have been derived in 31 see also 10, Section 5.2. The one-weight problem
for the Hilbert transform and partial sums of the Fourier series was solved in 32.
The paper is organized as follows. In Section 2, we give basic concepts and prove some
lemmas. Section 3 is divided into 4 parts. Section 3.1 concerns maximal functions; potential
operators are discussed in Sections 3.2 and 3.3. Section 3.4 is devoted to the partial sums of
Fourier series.
Constants often diﬀerent constants in the same series of inequalities will generally
be denoted by c or C.
2. Preliminaries
A homogeneous group is a simply connected nilpotent Lie group G on a Lie algebra g
with the one-parameter group of transformations δt  expA log t, t > 0, where A is a
diagonalized linear operator in G with positive eigenvalues. In the homogeneous group G,
the mappings exp o δt o exp−1, t > 0, are automorphisms in G, which will be again denoted by
δt. The numberQ  trA is the homogeneous dimension of G. The symbol ewill stand for the
neutral element in G.
It is possible to equipGwith a homogeneous norm r : G→  0,∞which is continuous
on G, smooth on G \ {e}, and satisfies the conditions
i rx  rx−1 for every x ∈ G;
ii rδtx  trx for every x ∈ G and t > 0;
iii rx  0 if and only if x  e;





, x, y ∈ G. 2.1
In the sequel, we denote by Ba, ρ and Ba, ρ open and closed balls, respectively,
with the center a and radius ρ, that is,
Ba, ρ :
{
y ∈ G; r(ay−1) < ρ}, Ba, ρ : {y ∈ G; r(ay−1) ≤ ρ}. 2.2
It can be observed that δρBe, 1  Be, ρ.
Let us fix a Haar measure |·| in G such that |Be, 1|  1. Then, |δtE|  tQ|E|. In
particular, |Bx, t|  tQ for x ∈ G, t > 0.
Examples of homogeneous groups are the Euclidean n-dimensional space Rn, the
Heisenberg group, upper triangular groups, and so forth. For the definition and basic
properties of the homogeneous group, we refer to 33, page 12 and 25.
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Proposition A. Let G be a homogeneous group and let S  {x ∈ G : rx  1}. There is a (unique)













For the details see, for example, 33, page 14.
We call a weight a locally integrable almost everywhere positive function onG. Denote
by LpwG 1 < p < ∞ the weighted Lebesgue space, which is the space of all measurable










If w ≡ 1, then we denote Lp1G by LpG.
Let X  LpwG1 < p < ∞ and denote by X∗ the space of all bounded linear
functionals on X. We say that a real-valued functional F on X is sublinear if
i Ff 	 g ≤ Ff 	 Fg for all nonnegative f, g ∈ X;
ii Fαf  |α|Ff for all f ∈ X and α ∈ C.
Let T be a sublinear operator T : X→LqG, then, the norm of the operator T is defined
as follows:
‖T‖  sup {‖Tf‖LqG : ‖f‖X ≤ 1
}
. 2.5
Moreover, T is order preserving if Tfx ≥ Tgx almost everywhere for all nonnegative f
and g with fx ≥ gx almost everywhere. Further, if T is sublinear and order preserving,
then obviously it is nonnegative, that is, Tfx ≥ 0 almost everywhere if fx ≥ 0.
The measure of noncompactness for an operator T which is bounded, order
preserving, and sublinear from X into a Banach space Y will be denoted by ‖T‖κX,Y  or
simply ‖T‖κ and is defined as
‖T‖κX,Y   dist
{
T,KX,Y } ≡ inf {‖T −K‖ : K ∈ KX,Y }, 2.6
where KX,Y  is the class of all compact sublinear operators from X to Y . If X  Y , then we
use the symbolKX forKX,Y .
Let X and Y be Banach spaces and let T be a continuous linear operator from X to Y .
The entropy numbers of the operator T are defined as follows:
ekT  inf
{









for some b1, . . . , b2k−1 ∈ Y
}
, 2.7
where UX and UY are the closed unit balls in X and Y, respectively. It is well known see,
e.g., 34, page 8 that the measure of noncompactness of T is greater than or equal to
limn→∞ enT.
In the sequel, we assume thatX is a Banach space which is a certain subset of all Haar-
measurable functions on G. We denote by SX the class of all bounded sublinear functionals
defined on X, that is,
SX 
{
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Let M be the set of all bounded functionals F defined on X with the following
property:
0 ≤ Ff ≤ Fg, 2.9
for any f, g ∈ X with 0 ≤ fx ≤ gx almost every. We also need the following classes of







T : Tfx 
m∑
j1
αjfuj, m ∈ N, uj ≥ 0, uj ∈ LpG,











T : Tfx 
m∑
j1
βjfuj, m ∈ N, uj ≥ 0, uj ∈ LpG,






IfX  LpG, we will denote these classes by FLLpG and FSLpG, respectively. It is clear
that if P ∈ FLX,LpG resp., P ∈ FSX,LpG, then P is compact linear resp., compact
sublinear from X to LpG.
We will use the symbol αT for the distance between the operator T : X→LpG and








For any bounded subset A of LpG 1 < p < ∞, let
ΦA : inf
{










We will need a statement similar to Theorem V.5.1 of Chapter V of 35 for Euclidean
spaces see 2.
Theorem A. For any bounded subset K ⊂ LpG 1 ≤ p < ∞, the inequality
2ΦK ≥ ΨK 2.13
holds.
Proof. Let ε > ΦK. Then, there are g1, g2, . . . , gN ∈ LpG such that for all f ∈ K and some
i ∈ {1, 2, . . . ,N},
∥∥f − gi
∥∥
LpG < ε. 2.14
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Further, given δ > 0, let B be the closed ball in G with center e such that for all i ∈












It is known see 33, page 8 that every closed ball in G is a compact set. Let us
cover B by open balls with radius h. Since B is compact, we can choose a finite subcover
{B1, B2, . . . , Bn}. Further, let us assume that {E1, E2, . . . , En} is a family of pairwise disjoint
sets of positive measure such that B 
⋃n
i1Ei and Ei ⊂ Bi we can assume that E1  B1 ∩ B,
E2  B2 \ B1 ∩ B, . . . , Ek  Bk \
⋃k−1





















































as h→ 0. The latter fact follows from the continuity of the norm LpG see, e.g., 33, page
19.
From this and 2.14, we find that
∥∥gi − Pgi
∥∥
LpG < δ, i  1, 2, 3, . . . ,N, 2.18
































It is also clear that the functionals f → fEi belong to LpG∗ ∩ M. Hence, P ∈
FLLpG. Finally, 2.14–2.15 and 2.18 yield












< ε 	 δ 	
∥∥gi − f
∥∥
LpG ≤ 2ε 	 δ.
2.20
Since δ is arbitrarily small, we have the desired result.
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Lemma A. Let 1 ≤ p < ∞ and assume that a set K ⊂ LpG is compact. Then for any given ε > 0,





LpG ≤ ε . 2.21
Proof. Let K be a compact set in LpG. Using Theorem A, we see that ΨK  0. Hence for





LpG : f ∈ K
} ≤ ε. 2.22
Lemma B. Let T : X→LpG be compact, order-preserving, and sublinear operator, where 1 ≤ p <
∞. Then, αT  0.
Proof. LetUX  {f : ‖f‖X ≤ 1}. From the compactness of T , it follows that TUX is relatively
compact in LpG. Using Lemma A, we have that for any given ε > 0 there exists an operator
Pε ∈ FLLpG such that for all f ∈ UX ,
∥∥Tf − PεTf
∥∥
LpG ≤ ε. 2.23
Let P˜ε  Pε ◦ T. Then, P˜ε ∈ FSX,LpG. Indeed, there exist functionals αj ∈ X∗ ∩ M, j ∈
{1, 2, . . . , m}, and linearly independent functions uj ∈ LpG, j ∈ {1, 2, . . . , m}, such that







where βj  αj ◦ T belongs to SX ∩M. Since by 2.23,
∥∥Tf − P˜εf
∥∥
LpG ≤ ε 2.25
for all f ∈ UX, it follows immediately that αT  0.
We will also need the following lemma.
Lemma C. Let T be a bounded, order-preserving, and sublinear operator from X to LqG, where
1 ≤ q < ∞. Then,
‖T‖κ  αT. 2.26
Proof. Let δ > 0. Then, there exists an operatorK ∈ KX,LqG, such that ‖T −K‖ ≤ ‖T‖κ	δ.
By Lemma B there is P ∈ FSX,LqG for which the inequality ‖K − P‖ < δ holds. This gives
‖T − P‖ ≤ ‖T −K‖ 	 ‖K − P‖ ≤ ‖T‖κ 	 2δ. 2.27
Hence, αT ≤ ‖T‖κ.Moreover, it is obvious that
‖T‖κ ≤ αT. 2.28
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Lemma D. Let 1 ≤ q < ∞ and let P ∈ FSX,LqG. Then for every a ∈ G and ε > 0, there exist an
operator R ∈ FSX,LqG and positive numbers α, α such that for all f ∈ X, the inequality
∥
∥P − Rf∥∥LqG ≤ ε‖f‖X 2.29
holds and suppRf ⊂ Ba, α \ Ba, α.





βjfujx, f ∈ X, 2.30
where βj are bounded, order-preserving, sublinear functionals βj : X→R. On the other hand,




∣∣ ≤ c‖f‖X. 2.31




LqG < ε, j ∈ {1, 2, . . . ,N} 2.32





then it is obvious that R ∈ FSX,LqG and moreover,






LqG ≤ cε‖f‖X 2.34
for all f ∈ X. Besides this, suppRf ⊂ Ba, α \ Ba, α, where α  min{αj} and α  max{αj}.
Lemmas C and D for Lebesgue spaces defined on Euclidean spaces have been proved
in 35 for the linear case and in 2 for sublinear operators.





vG. Suppose that λ > ‖T‖κLpwG,LqvG, and a is a point of G. Then, there exist constants




where f ∈ LpwG.
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Proof. Let T be bounded from LpwG to L
q
vG. Let T v be the operator given by
T vf  v1/qTf. 2.36





κLpwG→LqG  ‖T‖κLpwG→LqvG. 2.37






Consequently, there exists P ∈ FSLpwG, LqG such that
∥
∥T v − P∥∥ < λ. 2.39






‖P − R‖ ≤ λ −
∥∥T v − P∥∥
2
2.40
and suppRf ⊂ Ba, β2 \ Ba, β1 for all f ∈ LpwG. Hence,
∥∥T v − R∥∥ < λ. 2.41
From the last inequality, it follows that if 0 < τ < β1 and r > β2, then 2.35 holds for f ,
f ∈ LpwG.
The following lemmas are taken from 2 for the linear case see 35.
Lemma F. LetΩ be a domain in Rn, and let T be a bounded, order-preserving, and sublinear operator
from LrwΩ to L
pΩ, where 1 < r, p < ∞, and w is a weight function on Ω. Then,
‖T‖κLrwΩ,LpΩ  αT. 2.42
LemmaG. LetΩ be a domain inRn and let P ∈ FSX,LpΩ, whereX  LrwΩ and 1 < r, p < ∞.
Then for every a ∈ Ω and ε > 0, there exist an operator R ∈ FSX,LpΩ and positive numbers β1
and β2, β1 < β2 such that for all f ∈ X, the inequality
∥∥P − Rf∥∥LpΩ ≤ ε‖f‖X 2.43
holds and suppRf ⊂ Da, β2 \Da, β1, where Da, s : Ω
⋂
Ba, s.
Lemmas F andG yield the next statement which follows in the samemanner as Lemma
E was proved; therefore we give it without proof.
Lemma H. Let Ω be a domain in Rn. Suppose that 1 < p, q < ∞, and that T is bounded, order-
preserving, and sublinear operator from LpwΩ to L
q
vΩ. Assume that λ > ‖T‖κLpwΩ,LqvΩ and
a ∈ Ω. Then, there exist constants β1, β2, 0 < β1 < β2 < ∞ such that for all τ and r with r > β2,
τ < β1, the following inequalities hold:
‖Tf‖LqvBa,τ ≤ λ‖f‖LpwΩ; ‖Tf‖LqvΩ\Ba,r ≤ λ‖f‖LpwΩ, 2.44
wheref ∈ LpwΩ.
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< ∞, p′  p





kx, yfydνy, x ∈ X, 2.46













∣∣dy, x ∈ G, 0 ≤ α < Q, 3.1
where the supremum is taken over all balls B containing x. If α  0, then Mα becomes the
Hardy-Littlewood maximal function which will be denoted byM.
It is known see, e.g., 17, 18 for α  0, and 19, 33, Chapter 6, for α > 0 that if
1 < p < ∞ and 0 ≤ α < Q/p, then the operator Mα is bounded from LpρpG to L
q
ρqG, where

















Now, we formulate the main results of this subsection.
Theorem 3.1. Let 1 < p < ∞. Suppose that the maximal operator M is bounded from LpwG to
L
p












































for all τ τ ≤ β and all f supported in Ba, τ. Substituting fy  χBa,ryw1−p′y in the
latter inequality and taking into account that
∫
Ba,τw
1−p′xdx < ∞ see, e.g., 17, 18, 25,














This inequality and Lebesgue diﬀerentiation theorem see 33, page 67 yield the
desired result.
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For the fractional maximal functions, we have the following theorem.
Theorem 3.2. Let 1 < p < ∞, 0 < α < Q/p and let q  Qp/Q − αp. Suppose thatMα is bounded
from LpwG to L
q






























The proof of this statement is similar to that of Theorem 3.1; therefore the proof is
omitted.







1 − p′) 	Q)1/p′
]−1
. 3.7
Indeed, first observe that the fact |Be, 1|  1 and Proposition A implies σS  Q,
where S is the unit sphere in G and σS is its measure. By Theorem 3.1 and Proposition A,
we have











































)Q−α dy, 0 < α < Q, 3.9
be the Riesz potential operator. It is well known see 33, Chapter 6 that Iα is bounded from
LpG to LqG, 1 < p, q < ∞, if and only if q  Qp/Q − αp.




































































(co is the constant from the triangle inequality for the homogeneous norms.)




fy|x − y|α−ndy, x ∈ Ω. 3.12





vΩ, then one has




















































Corollary 3.6. Let 1 < p < ∞, 1 < p < Q/α, q  pQ/Q − αp, then there is no weight pair v,w









‖Iα‖κ ≥ Cα,QA1, 3.17
where Cα,Q and A1 are defined in Theorem 3.4.
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Proof of Theorem 3.4. By Lemma E, we have that for λ > ‖Iα‖κLpwG,LqvG and a ∈ G, there are





























for supp f ⊂ Ba, s.
Now taking fx  χBa,rxw1−p
′











































κ ≥ Cα,QA1. 3.22
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wBa,s→LqvBa,sc ≤ λ. 3.28



















































































































Now, taking gx  χBa,scxrxa−1
Q−α1−q
vx in the last inequality we conclude
that ‖Iα‖κ ≥ 1/2coQ−αA3.
Theorem 3.5 follows in the same manner as Theorem 3.4 was obtained. We only need
to use Lemma H.
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3.3. Truncated potentials






, x ∈ G. 3.33
A necessary and suﬃcient condition guaranteeing the trace inequality for Tα in Euclidean
spaces was established in 37. This result was generalized in 38, 10, Chapter 6, for the
spaces of homogeneous type. From the latter result as a corollary, we have the following
proposition.
Proposition B. Let 1 < p ≤ q < ∞ and let α > Q/p. Then,
i Tα is bounded from LpG to L
q












ii Tα is compact from LpG to L
q





Bt  0. 3.35
Theorem 3.7. Let 1 < p ≤ q < ∞ and let 0 < α < Q. Suppose that Tα is bounded from LpwG to
L
q











































To prove Theorem 3.7 we need the following lemma.
Lemma 3.8. Let p, q, and α satisfy the conditions of Theorem 3.7 Then from the boundedness of Tα
from LpwG to L
q
vG, it follows that w1−p
′







xdx  ∞ 3.38
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for some t > 0. Then, there exists g ∈ LpBe, t such that ∫Be,tgw−1/p  ∞. Let us assume



































gpxdx < ∞. 3.40
Finally, we conclude that It < ∞ for all t, t > 0.
Proof of Theorem 3.7. Let λ > ‖Tα‖κLpwG,LqvG. Then by Lemma E, there exists a positive





vBe,τ2\Be,τ1 ≤ λ‖f‖LpwBe,τ1 3.41
holds. Observe that if rx > τ1 and ry < τ1, then rxy−1 ≤ 2corx. Consequently, taking
f  w1−p
′























Aa ≤ λ. 3.43







c ≤ λ‖f‖LpwBe,s2\Be,s1 3.44

























Ab ≤ λ. 3.46
Thus, we have the desired result.
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Theorem 3.9. Let 1 < p ≤ q < ∞ and let Q/p < α < Q. Suppose that 3.34 holds. Then, there is a



















































≡ P1f 	 P2f 	 P3f 	 P4f.
3.49


















































Hence by Lemma I, we conclude that P2 is compact for every a and b. Nowwe observe
that if rx > b and ry < b/2co, then rx ≤ 2corxy−1. Due to Proposition A we have that
P3 is compact.




∥∥ ≤ C2Bb/2co, 3.52
where the constants C1 and C2 depend only on p, q, Q, and α.
Therefore,




∥∥ ≤ c(Ba 	 Bb
)
. 3.53
The last inequality completes the proof.
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Theorem 3.10. Let p and q satisfy the conditions of Theorem 3.9. Suppose that 3.18 holds. Then,






















for some positive constants c1 and c2 depending only on Q, α, p, and q.
Theorem 3.10 follows immediately from Theorems 3.7 and 3.9.
3.4. Partial sums of Fourier series








where Dn  1/2 	
∑n
k1cos kt.
One-weighted inequalities for Sn were obtained in 32 see also 25, Chapter 6. For
basic properties of Sn in unweighted case; see, for example, 39.
Theorem 3.11. Let 1 < p < ∞. Then, there is no n ∈ N and weight pair w,v on T : −π,π such

































where I  a − r, a 	 r.






















Suppose that |I| ≤ π/4, and let n be the greatest integer less than or equal to π/4|I|. Then for










Using this estimate and taking f : w1−p
′
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Now passing r to 0, taking supremum over a ∈ T, and using the fact sin3π/8 
2 	 21/21/2/2, we find that 3.56 holds.






























The authors express their gratitude to the referees for their valuable remarks and suggestions.
The second author was partially supported by the INTAS Grant no. 05-1000008-8157 and the
Georgian National Science Foundation Grant no. GNSF/ST07/3-169.
References
1 D. E. Edmunds, A. Fiorenza, and A. Meskhi, “On a measure of non-compactness for some classical
operators,” Acta Mathematica Sinica, vol. 22, no. 6, pp. 1847–1862, 2006.
2 D. E. Edmunds and A. Meskhi, “On a measure of non-compactness for maximal operators,”
Mathematische Nachrichten, vol. 254-255, no. 1, pp. 97–106, 2003.
3 A. Meskhi, “On a measure of non-compactness for singular integrals,” Journal of Function Spaces and
Applications, vol. 1, no. 1, pp. 35–43, 2003.
4 G. G. Oniani, “On the measure of non-compactness of maximal operators,” Journal of Function Spaces
and Applications, vol. 2, no. 2, pp. 217–225, 2004.
5 G. G. Oniani, “On the non-compactness of maximal operators,” Real Analysis Exchange, vol. 28, no. 2,
pp. 439–446, 2002.
6 D. E. Edmunds, W. D. Evans, and D. J. Harris, “Two-sided estimates of the approximation numbers
of certain Volterra integral operators,” Studia Mathematica, vol. 124, no. 1, pp. 59–80, 1997.
7 D. E. Edmunds and V. D. Stepanov, “The measure of non-compactness and approximation numbers
of certain Volterra integral operators,”Mathematische Annalen, vol. 298, no. 1, pp. 41–66, 1994.
8 A. Meskhi, “Criteria for the boundedness and compactness of integral transforms with positive
kernels,” Proceedings of the Edinburgh Mathematical Society, vol. 44, no. 2, pp. 267–284, 2001.
9 B. Opic, “On the distance of the Riemann-Liouville operator from compact operators,” Proceedings of
the American Mathematical Society, vol. 122, no. 2, pp. 495–501, 1994.
10 D. E. Edmunds, V. Kokilashvili, and A. Meskhi, Bounded and Compact Integral Operators, vol. 543 of
Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2002.
11 I. C. Gohberg and N. Ja. Krupnik, “The spectrum of singular integral operators in Lp spaces,” Studia
Mathematica, vol. 31, pp. 347–362, 1968 Russian.
12 I. C. Gohberg and N. Ja. Krupnik, “The spectrum of one-dimensional singular integral operators with
piece-wise continuous coeﬃcients,” Matematicheskie Issledovaniya, vol. 3, no. 1 7, pp. 16–30, 1968
Russian.
M. Asif and A. Meskhi 19
13 I. E`. Verbickiı˘ and N. Ja. Krupnik, “Exact constants in theorems on the boundedness of singular
operators in Lp spaces with a weight and their application,”Matematicheskie Issledovaniya, vol. 54165,
pp. 21–35, 1980 Russian.
14 S. K. Pichorides, “On the best values of the constants in the theorems of M. Riesz, Zygmund and
Kolmogorov,” Studia Mathematica, vol. 44, pp. 165–179, 1972, Collection of articles honoring the
completion by Antoni Zygmund of 50 years of scientific activity, II.
15 I. Feldman, N. Krupnik, and I. Spitkovsky, “Norms of the singular integral operator with Cauchy
kernel along certain contours,” Integral Equations and Operator Theory, vol. 24, no. 1, pp. 68–80, 1996.
16 A. Yu. Karlovich, “On the essential norm of the Cauchy singular integral operator in weighted
rearrangement-invariant spaces,” Integral Equations and Operator Theory, vol. 38, no. 1, pp. 28–50, 2000.
17 B. Muckenhoupt, “Weighted norm inequalities for the Hardy maximal function,” Transactions of the
American Mathematical Society, vol. 165, pp. 207–226, 1972.
18 J.-O. Stro¨mberg and A. Torchinsky, Weighted Hardy Spaces, vol. 1381 of Lecture Notes in Mathematics,
Springer, Berlin, Germany, 1989.
19 B. Muckenhoupt and R. L. Wheeden, “Weighted norm inequalities for fractional integrals,”
Transactions of the American Mathematical Society, vol. 192, pp. 261–274, 1974.
20 E. T. Sawyer, “A characterization of a two-weight norm inequality for maximal operators,” Studia
Mathematica, vol. 75, no. 1, pp. 1–11, 1982.
21 E. T. Sawyer, “A two weight weak type inequality for fractional integrals,” Transactions of the American
Mathematical Society, vol. 281, no. 1, pp. 339–345, 1984.
22 E. T. Sawyer, “Two weight norm inequalities for certain maximal and integral operators,” inHarmonic
Analysis (Minneapolis, Minn., 1981), vol. 908 of Lecture Notes in Mathematics, pp. 102–127, Springer,
Berlin, Germany, 1982.
23 M. Gabidzashvili and V. Kokilashvili, “Two-weight weak type inequalities for fractional type
integrals,” preprint, no. 45,Mathematical Institute of the Czech Academy of Sciences, 1989.
24 V. Kokilashvili and M. Krbec,Weighted Inequalities in Lorentz and Orlicz Spaces, World Scientific, River
Edge, NJ, USA, 1991.
25 I. Genebashvili, A. Gogatishvili, V. Kokilashvili, and M. Krbec,Weight Theory for Integral Transforms on
Spaces of Homogeneous Type, vol. 92 of Pitman Monographs and Surveys in Pure and Applied Mathematics,
Longman, Harlow, UK, 1998.
26 D. E. Edmunds, V. Kokilashvili, and A. Meskhi, “On Fourier multipliers in weighted Triebel-Lizorkin
spaces,” Journal of Inequalities and Applications, vol. 7, no. 4, pp. 555–591, 2002.
27 D. R. Adams, “A trace inequality for generalized potentials,” Studia Mathematica, vol. 48, pp. 99–105,
1973.
28 V. G. Maz’ya and I. E. Verbitsky, “Capacitary inequalities for fractional integrals, with applications to
partial diﬀerential equations and Sobolev multipliers,” Arkiv fo¨r Matematik, vol. 33, no. 1, pp. 81–115,
1995.
29 E. T. Sawyer and R. L. Wheeden, “Weighted inequalities for fractional integrals on Euclidean and
homogeneous spaces,” American Journal of Mathematics, vol. 114, no. 4, pp. 813–874, 1992.
30 R. L. Wheeden, “A characterization of some weighted norm inequalities for the fractional maximal
function,” Studia Mathematica, vol. 107, no. 3, pp. 257–272, 1993.
31 D. E. Edmunds and V. Kokilashvili, “Two-weight compactness criteria for potential type operators,”
Proceedings of A. Razmadze Mathematical Institute, vol. 117, pp. 123–125, 1998.
32 R. Hunt, B. Muckenhoupt, and R. Wheeden, “Weighted norm inequalities for the conjugate function
and Hilbert transform,” Transactions of the American Mathematical Society, vol. 176, pp. 227–251, 1973.
33 G. B. Folland and E. M. Stein, Hardy Spaces on Homogeneous Groups, vol. 28 of Mathematical Notes,
Princeton University Press, Princeton, NJ, USA, 1982.
34 D. E. Edmunds and H. Triebel, Function Spaces, Entropy Numbers, Diﬀerential Operators, vol. 120 of
Cambridge Tracts in Mathematics, Cambridge University Press, Cambridge, UK, 1996.
35 D. E. Edmunds and W. D. Evans, Spectral Theory and Diﬀerential Operators, Oxford Mathematical
Monographs, The Clarendon Press, Oxford University Press, New York, NY, USA, 1987.
36 L. V. Kantorovich and G. P. Akilov, Functional Analysis, Pergamon Press, Oxford, UK, 2nd edition,
1982.
37 E. T. Sawyer, “Multipliers of Besov and power-weighted L2 spaces,” Indiana University Mathematics
Journal, vol. 33, no. 3, pp. 353–366, 1984.
38 V. Kokilashvili and A. Meskhi, “Fractional integrals on measure spaces,” Fractional Calculus & Applied
Analysis, vol. 4, no. 1, pp. 1–24, 2001.
39 A. Zygmund, Trigonometric Series, Vols. I, II, Cambridge University Press, New York, NY, USA, 2nd
edition, 1959.
